Cone-beam SPECT provides improved sensitivity for imaging small organs like the brain and heart. However, current cone-beam tomography with the focal point traversing a planar orbit does not acquire sufficient data to give an accurate reconstruction. In this paper, we employ a data-acquisition method which obtains complete data for cone-beam SPECT by simultaneously rotating the gamma camera and translating the patient bed, so that cone-beam projections can be obtained with the focal point traversing a helix surrounding the patient. An implementation of Grangeat's algorithm for helical cone-beam projections is developed. The algorithm requires a rebinning step to convert cone-beam data to parallel-beam data which are then reconstructed using the 3D Radon inversion. A fast new rebinning scheme is developed which uses all of the detected data to reconstruct the image and properly normalizes any multiply scanned data. This algorithm is shown to produce less artifacts than the commonly used Feldkamp algorithm when applied to either a circular planar orbit or a helical orbit acquisition. The algorithm can easily be extended to any arbitrary orbit.
I. INTRODUCTION
Using cone-beam collimators in single photon emission computed tomography (SPECT) provides improved sensitivity and resolution for imaging small organs with large field-of-view rotating gamma cameras [ 1-61. However, present SPECT systems acquire data using planar orbits which do not provide sufficient data for exact cone-beam reconstruction. Sufficient data acquisitions require that each plane passing through the reconstruction region must intersect the orbit of the focal point trajectory (71. Helical orbit acquisitions can be used to satisfy this condition and are easy to implement on present SPECT systems [5] .
The Feldkamp algorithm has been the most commonly used algorithm to process planar orbit cone-beam projections [8] . However, three kinds of artifacts in the reconstructed images are found with this algorithm: (1) reduced activity on non-central slices, (2) cross-talk between non-central adjacent slices, and (3) undershoots in the transverse direction. More recently, Grangeat developed a better algorithm by formulating a relationship between the cone-beam projections and the first derivative of the Radon transform of the 3D object [9] . The use of this formula allows cone-beam data to be transformed to Radon projections so that the 3D Radon inversion can be used to obtain the reconstruction. Rizo et ul. [ 101 have shown that the application of Grangeat's algorithm to planar orbit projections has less artifacts than the application of the Feldkamp algorithm. As we will show in this paper, a further improvement can be obtained by applying Grangeat's method to cone-beam projections that are sufficiently sampled.
It is not a trivial proposition to derive cone-beam reconstruction algorithms for sufficient data acquisitions. Several algorithms have been developed for a number of nonplanar orbits such as a dual orthogonal orbit [ 111, a circle-andline orbit [ 121, and a spiral orbit [ 131. However, these reconstruction algorithms are approximate algorithms. Grangeat proposed an exact reconstruction algorithm, but he didn't implement his algorithm for sufficient data acquisitions. Implementation of the algorithm requires a rebinning technique. In this step, interpolation is employed to convert cone-beam data to parallel data which are then reconstructed using the 3D Radon inversion. In this paper we have developed a new rebinning scheme which uses all of the measured conebeam projections and properly normalizes all the multiply scanned data. Recently, Kudo and Saito [14] also proposed a rebinning procedure and implemented the method for acquisitions of a dual orthogonal orbit, a helical orbit, and a helical orbit on a sphere. Their algorithm is based on Tuy's [7] and Smith's [15] theory and differs from Grangeat's formulation in that the cone-beam data are rebinned to pseudo 3D Radon projections. Their algorithm requires the solution of complicated non-linear equations and does not use all the sampled data. In contrast, as we will show in this paper that Grangeat's formulation [9, 16] can be designed to use all of the projection data and is easy to be implemented. 
THEORY
( 1) where
) where S' is the focal point, is the unit vector along the projection line, A is the parameter of the intersection of the By using R' (6, p ) which is the first derivative of the Radon transform with respect to p , Equation (4) can be expressed as: projection line and the detector plane, and f(i) is the object density function. where R (6, p) is the 3D Radon transform of f ( i ) and
B. The 3 0 Radon inversion formula
is the unit vector of the normal to the plane 5 (e, p) for
If we know the Radon transform of an object, we can reconstruct the object exactly by using the inverse Radon transform [17]:
Let us consider a given focal point S' and a given unit vector 0 in Figure 3 . First we define the weighted cone-beam projection G (S', A ) as: (7) We define the plane of integration 5 (6, p) as the unique plane We define SG (SI, 6) as the integration of the weighted cone-beam projection G (SI, A ) along the line I:
( A E I) Notice that C' is the orthogonal projection of the origin 0' on the line I, we can use the coordinate system 0' -wp4 to express the integral as:
-00
where 4 is the unit vector of the axis 4. Now we can introduce Grangeat's formula [9, 16] which is the fundamental relation between the cone-beam projections and the first derivative of the Radon transform R' (6, p) :
where p is the angle between line S' C' and 0' C' . The left hand side of the equation is defined on the cone-beam projection domain, and the right hand side is defined on the Radon domain. Therefore, we have a connection between the cone-beam projections and the first derivative of the Radon transform.
D. Tuy's data sufficiency condition
It is known that if the focal point follows a planar orbit, the obtained data do not satisfy Tuy's sufficiency condition for exact 3D reconstruction [7] . Tuy's condition states that if any plane that intersects the object f ( i ) intersects the orbit of the focal point and the detector plane at least once, then we have sufficient cone-beam projection data to recover f ( i ) . In this work we use a helical orbit in order to satisfy this condition.
METHODS

A. Phantom and focal point orbit
The Defrise phantom in Figure 4 was used in the computer simulations. The phantom consisted of seven ellipsoid disks of the same size with semi major axes of 16 in the X and Y directions and I in the Z direction (all units are in pixels).
Projections were generated for a circular planar orbit and a helical orbit shown in Figure 4 . The helical orbit had a pitch of 32. For each pitch, 64 views of projection data were generated by the computer. The complete scan went through 2 revolutions. Notice that each disk in the phantom is not a cylinder, so the edge of the ellipse is curved which we can see from the reconstructed images. The cone-beam focal length Rcone was 90. In the 0 -XYZ system the coordinate of the focal point S' along the helical orbit can be written as: By using Equation (3), Equation (12) can be written as:
xsin0cos~+ysin0sin@+zcos0-p = 0.
B. Preprocessing the cone-beam projections
The helical cone-beam projection g (SI, A ) generated by the computer was stored in a 3D array g ( n , U , v) , where n ( I to 128) was the projection index for the location of the point S' , and U and v were the horizontal and vertical coordinates of the point A on the detector plane. The detector plane was a 64x64 2D array.
The projections g ( n , U , v) were first scaled to obtain the weighed projections G (n, U , v) by using Equation (7). In order to use Grangeat's formula (lo), we need to obtain -SG (SI, 0) from G ( n , U, v) .
a a P
If we take the derivative with respect to p on both side of equation (9) 
we have:
We reparameterized -SG (S', 0) to SG' ( n , a, p ) . First we calculated the partial denvative with respect to p and then calculated the integral of the projection along the 4 direction which is the direction perpendicular to j . 
. (15) The line integral along 1 was evaluated by using the algorithm described by Joseph [ 181. The partial derivative with respect to U and v in Equation (15) was calculated by convolving a ID derivative kemel for a given U or v. After performing the calculation in Equation (14), we obtained a 3D array SG' ( n , a, p ) , where n E [ 1, 1281 was the index of the views, a E [0, 7c ) was the tilt angle of the p axis, and p E [-32, 321 was the coordinate along the p axis of the detector coordinate system. Here SG' ( n , a, p ) denotes the first derivative along the p axis of SG at ( n , a, p ) .
C. Rebinning to the Radon domain
The aim of rebinning is to convert the 3D array SG' (n, a, p ) /sin2p to the 3D array R' (6, p) in the Radon domain. We used two rebinning methods: (1) For a given integer value (0, p) , the first method calculates ( n , a, p ) and interpolates in cone-beam domain to obtain the value SG' ( n , a, p ) . (2) For a given integer value ( n , a , p ) the second method calculates (0, p) and interpolates in Radon domain to obtain R' (0, p) values.
( I ) The equations for thefirst rebinning method
To derive the rebinning equations, let us refer to Figure 3 . For a given point (0, p) and Rcone, we can solve Equations (11) and (13) for position of S'. We can obtain at least one solution of S' due to the fact that our orbit satisfies Tuy's data sufficiency condition. This solution provides n which, in tum, provides 00' and angle y. Now we want to use (0, p) , y and 00' to express p and a . In Figure 3 The detector plane is shown in Figure 5 . 
P =
Equations (20) and (21) are the rebinning equations. By solving Equation (1 l ) , Equation (13), and the rebinning equations for each integer data set (8, p) , we can find a non-integer data set (n, a, p ) and interpolate between samples of SG' to obtain SG' (n, a, p ) . After that by using Grangeat's formula we obtain the first derivative of Radon transform R' (6, p)
integer values of (8, p) .
(2) The equations for the second rebinning method at The second way of rebinning is to find (8, p) for a given projection point ( n , a, p ) . Given n we can find 00' and y as before. From Figure 5 the equation of the line 1 can be written as:
for a given a and p in the 0' -wuv system. The coordinate of the focal point S' in 0' -wuv system is (Rcone, 0, 0) . The equation of the plane that contains both the focal point S' and the line 1 in 0' -wuv system can be written as: 
was also shown by Rizo et al. [lo] . In applying Grangeat's algorithm, the missing data in the Radon domain (which we can If we know (0, p) in 0 -XYZ system, the plane equation can be written as Equation (13). Comparing Equation (13) Rcone . s i n a . cos$
D. Inverse Radon transform
After we obtain R' (0, p) it is relatively straightforward to take the second derivative in Equation (6) and backproject to obtain the object f(?). The second derivative was taken by convolving a derivative kernel for a given direction 0 . We summarize the reconstruction procedure as a flow chart in Figure 6 .
IV. RESULTS AND DISCUSSION
The algorithm was implemented in FORTRAN on a SUN workstation. The results of the simulations are shown in Figures  7,8 , and 9. Figure 7 shows the central sagittal section located at x=O in the 64X64X64 image array. The Radon reconstruction in Figure 7 (A) was obtained by reconstructing simulated planar integrals using Radon's inversion formula. This was used as a gold standard to compare with the cone-beam reconstructions. The application of Grangeat's algorithm to the data acquired over a circular orbit [Figure 7(D) ]shows a much improvement over that of the Feldkamp reconstruction [ Figure 7 (B)] which not obtain from cone-beam projections in circular orbit) were interpolated by the nearest neighbors. The first rebinning method was used. The helical cone-beam reconstructions using Grangeat's algorithm [Figures 7(E) and 7(F)] show good separation and uniformity of the activity in different disks. The results do not show the non-uniformity artifacts that the modified Feldkamp algorithm shows [Figure 7(C) ] when applied to helical cone-beam data. In the first rebinning approach as used by Kudo and Saito, one has to solve the nonlinear Equations (1 1) and (1 3), numerically. One uses only one of the solutions to reconstruct the image and throws away much of the detected data. This approach is not an efficient use of the data. The second rebinning approach [Figure 7(F) ] uses all the projection data and gives the best result. Figure 8 shows the transverse view of the bottom disk at z=-14. Figure 9 shows the transverse view of the central disk at z=1. Comparing Figure  8 with Figure 9 , (E) and (F) show almost the same activity and image quality, which means that in our algorithm we can obtain almost the same image quality in the central part of the object as well as at the edge of the object. However, (B) and (C) show that the Feldkamp algorithm cannot obtain the same image quality in the central plane as off the central plane.
We know that the Feldkamp algorithm was originally derived from the fan-beam reconstruction formula by an approximation. The Feldkamp algorithm does not give accurate reconstructions for the off-center slices. This can be seen in the The reconstruction time of our algorithm is six hours forty five minutes thirty four seconds for the first rebinning method and fifty minutes forty five seconds for the second rebinning method on a SUN SPARC 2 workstation. It can be proved that our algorithm with the first rebinning method is mathematically equivalent to Kudo and Saito's algorithm. Comparing Kudo and Saito's algorithm with our second rebinning method, we find that this method has three advantages: First, Kudo and Saito's algorithm needs to solve nonlinear equations numerically, but our second rebinning approach does not. Second, if the equations have several solutions, Kudo and Saito's algorithm uses only one of the solutions to reconstruct the image and ignores the other solutions, but our second rebinning method uses all the projection data (i.e. use all the solutions) and can achieve a higher signal-to-noise ratio in the reconstructions. Third, solving the nonlinear equations numerically using Kudo 
V. SUMMARY
We have developed an algorithm based upon Grangeat's formula to process cone-beam data taken from a helical orbit. Helical orbits provide sufficient data to reconstruct an artifactfree image. We have implemented the algorithm and made preliminary tests using simulated noise-free data. The images obtained using a helical orbit are superior to those using a planar orbit geometry.
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